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Abstract. Assume G is a group acting by automorphisms on an abelian group A 
and that all the data is definable in a first order structure Q. Suppose h: G x G — > A is 
a .B-definable (in Q) 2-cocycle with finite image contained in B (for some finite set B) 
CsJ ■ and G is the corresponding extension of G by A. Let Q* be a monster model of Th((J) 



and G* the interpretation of G in Q*. We prove that under some general hypothesis, 
~ooo ~oo —oo — 

£N| , G* B ^ G* B , where G* B is the smallest B-type-definable in Q* subgroup of G* of 

£^ \ bounded index and G* B is the smallest invariant under Aut (G* /B) subgroup of G* 

of bounded index. 

We apply this theorem to produce new classes of examples of groups for which 
the smallest B-type-definable subgroup of bounded index differs from the smallest 
_B-invariant subgroup of bounded index. 
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1. Introduction 
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Assume G is a group 0-definable in a monster model of some first order theory, and let 
B be a (small) set of parameters from this model. The following connected components 
play a very important role in the study of groups from the model-theoretic perspective: 

• the intersection of all 5-definable subgroups of G of finite index, denoted by G° B , 



the smallest S-type-definable subgroup of G of bounded index, denoted by G 



oo 

B ! 



£vq ■ • the smallest £> -invariant subgroup of G of bounded index, denoted by G° B °. 

It is clear that G°^° < G° B < G° B < G, and it is easy to show that all these groups 
are normal in G. Sometimes these connected components do not depend on the choice 
of B, e.g. in NIP theories. In such a situation, we skip the parameter set B, and we say 
that the appropriate connected component exists, e.g. we write G 000 and say that G 000 
exists (notice that then G 000 is the smallest invariant, over a small set of parameters, 
! subgroup of bounded index) . 

The significance of the above connected components was discussed in various papers 
(e.g. see [HE])- We will say only a few words about the motivation. Originally, G° played 
a fundamental role in the study of generic types in stable groups, for example due to the 
fact that G/G° is always a profinite group. The importance of G 00 stems from the fact 
that it allows to associate with G a compact topological group G/G 00 (with the so-called 
logic topology). This becomes particularly interesting in ominimal structures due to 
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Pillay's conjecture which describes G/G 00 as a compact Lie group of an appropriate 
dimension, and so associates with the group G a classical mathematical object G/G 00 
[12J. A common motivation to consider all three connected components also comes from 
their relationships with strong types in various senses (strong types, Kim-Pillay types 
and Lascar strong types), which in turn are essential notions in the study of stable, 
simple and NIP theories. For details on these relationships see [7J Section 3]. 

Our main goal is to find examples or, more desirably, general methods of constructing 
them, of groups G for which G ^ ^ G°^°. This problem arose during the work on the 
first author's Ph.D. thesis under the supervision of L. Newelski, and it appears explicitly 
for example in [7]. Recall that any such example leads to a new G-compact theory (see 
[3 Corollary 3.6]). 

In [3] , the authors have found first (strongly related to each other) examples of groups 
G for which G 00 ^ G 000 . Their example is a monster model of the topological universal 

cover SL 2 (IR) of SL 2 (1R). The proof uses the fact that SL 2 (IR) is a central extension of 
SL 2 (M) by Z given by a definable 2-cocycle h: SL 2 (R) x SL 2 (M) —> Z with finite image, 

and also the facts that both groups SL 2 (M) and SL 2 (IR) are perfect, i.e. equal to their 
commutator subgroups. 

This led us to the following general question. 

Question 1.1. When does an extension G of a group G by an abelian group A satisfy 
G°g 7^ G°^° for some parameter set B (working in a monster model)? 

We would like to emphasis that we consider this problem in a general algebraic 
context, i.e. without assuming that G is a topological universal cover of a topological 
group or that G is definable in an o-minimal structure. The only restriction that we 
make is the assumption that the 2-cocycle h: G x G — > A defining our extension is 
definable and has finite image. Our goal is to find sufficient (and necessary, at least in 
some situations) conditions on h for which G ^ ^ G°^°. 

In Section [2J we prove a theorem saying that G°g ^ G°^° under some general assump- 
tions on the underlying 2-cocycle h: G x G — )■ A, and we show that in some situations 
this assumption is also necessary. Using this theorem, we obtain the examples from [3] 
as well as certain new classes of examples of extensions for which G°g ^ G°^°, e.g. some 
central extensions of SL 2 (fc) for k being any ordered field. In order to apply our theorem 
to get these new examples, we use Matsumoto-Moore theory. 

Knowing already that examples of groups G for which G 00 and G 000 differ exist, a 
natural question arises on how much they can differ. More formally, what can be said 
about G 00 /G 000 ? In all examples in [3] and also for all groups definable in o-minimal 
expansions of real closed fields [U Remark 5.5], this quotient turns out to be abelian. 
Therefore, the following problem was formulated in [3]. 

Problem 1.2. Find a (saturated) group G for which the quotient G^°/G^ 00 is not 
abelian. 

In concrete examples that we have found in Section HI this quotient is abelian, but 
we hope that our theorem from Section [2] may lead to a non-abelian example. A short 
discussion about it can be found around Question 12.61 In any case, in Section 2, we 
notice that whenever G^ 00 = G^°, the quotient G'g/G'g is abelian, and we give its 
description. 
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The relevant definitions and facts concerning extensions of groups and 2-cocycles are 
given in the initial parts of Sections |2] and HI Here we only recall a few definitions and 
facts from model theory. 

Suppose a set X is type-definable in a monster model. Let E be a bounded (i.e. with 
boundedly many classes), type-definable equivalence relation on X. The logic topology 
on X/E is a topology whose closed sets are the sets with type-definable preimages by 
the quotient map. It turns out that this is always a compact (Hausdorff) topology. 
In particular, the equivalence relation on G of lying in the same coset modulo G ^ is 
always bounded and type-definable, so we have the logic topology on G/G ^. With this 
topology G/G°b becomes a compact, topological group. For the basic properties of the 
logic topology see for example [131 Section 2] and [TJ Proposition 3.5 1.]. 

We often use, in various theorems and proofs of the present paper, the notion of an 
absolutely connected group G from [5J. That is, G is absolutely connected if G* 000 = G*, 
for an arbitrary monster model G* of G. Here is a precise definition. 

Definition 1.3 (|5, Definition 2.6, Proposition 2.5]). Let G be an infinite group. 

(1) Suppose G is given with some first order structure Q = (G, •,...). We say that 
Q is definably absolutely connected if Q* 000 exists and Q* = Q* 000 for any (equiv- 
alently some) monster model Q* y Q. 

(2) We say that G is absolutely connected if for an arbitrary first order expansion 
g = (G, -, . . .) of G, the component £* 000 exists and Q* = £* 000 , where Q* is a 
monster model. 

Using certain limit process for the class of absolutely connected groups, another exam- 
ple of a group G for which G^ ^ G°^° has been given in [SI Proposition 2.13, Proposition 
4.4] (in [5j, the symbol G^ has been used to denote G°^°). In fact, the aforementioned 
G is a countable direct product of the free group F w , considered as a first order 
structure with a certain countable family of predicates. 

The main examples of absolutely connected groups are Chevalley groups Theorem. 
3.14]. That is, if k is an arbitrary infinite field and G is a A;-split, semisimple, simply 
connected linear algebraic group defined over k, then the group G(k) of fc-rational points 
is absolutely connected. In particular, all classical groups such as special linear groups 
SL n (fc) or symplectic groups Sp n (fc) are absolutely connected. 

We will use the fact that absolutely connected groups are perfect [5] Theorem 2.16]. 
In some arguments, we also consider absolutely connected groups of finite commutator 
width (see the discussion before Proposition 12. 9p . Notice that all groups of the form 
G(k) from the previous paragraph have finite commutator width (in fact, they are 
weakly simple, see [3 Proposition 2.19, Theorem 3.11]). 

A few observations in this paper rely on a version of Beth's definability theorem for 
types, rather than for formulas. For completeness we give a proof, which is based on the 
proof of Beth's theorem for formulas [H Theorem 2.2.22]. 

Let L be a first order language. Recall that for a first order L-theory T and collections 
of formulas pi(x) and P2^x) in the language L, the expression T |= pi(x) = P2{x) 
means that for any model M \= T the types p±(x) and P2{x) have the same sets of 
realizations in M, i.e. pi(M) = p 2 (M). Equivalently, for every (fi(x) G p±(x) there 
exists a conjunction f2(x) of formulas from P2(x) such that T h ^(x) — > <fi(x), and 
conversely, for every ip2{x) G P2(x) there exists a conjunction ip\{x) of formulas from 
Pi(x) such that T h ip±(x) — > ip2(x). 
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Fact 1.4 (Beth's theorem for types). Assume L is a first order language. Let L' = 
LU{iV,/j,C fc : i G I,j G J,k G K} and L" = LU {P>>, //, c£ : i G I,j G J, fc G K} ; 
where P!, P", /j, /j', c' fc , cj£ are pairwise distinct relation, function and constant symbols, 
not appearing in the language L, and such that for each i G / ine relation symbols P( 
and P" have the same arity and for each j G J i/ie function symbols /j and /j' aai>e tne 
same anty. Lei T" fre a theory in V and T" the corresponding theory in L" (i.e. T" is 
obtained from T' by replacing each of the symbols P-, /j, d h by P",f",cl, respectively). 
Let 7r'(x) be a collection of formulas in L' and tt"(x) the corresponding collection of 
formulas in L". Assume T' U T" \= ir'(x) = tt"(x). Then there exists a collection of 
formulas ir(x) in the language L such that T' \= tt'(x) = ir(x). 

Proof. Denote the length of the tuple x by n. Let d — (di, . . . , d n ) be a tuple of new 
constant symbols. Consider any a"(x) G n"(x). By assumption, we can choose a con- 
junction 0' a /i(x) of formulas from ir'(x) so that T" U T" h (3' a „(d) — > a"(d). Thus, there 
exists a sentence (p f G T' such that for the corresponding sentence ip" G T" we have 
ip' A ip" h (3' a „(d) — > a"(d) (we may assume that T' is closed under conjunctions). 
Therefore, 

p'A/3' a „(d) \-<p" -W(d). 

Since the left hand side is a sentence in V U {di, . . . , d n } and the right hand side is a 
sentence in L"U{di, . . . , d n }, by Craig Interpolation Theorem (see [8j Theorem 2.2.20]), 
there exists a formula ip a "(x) in the language L such that 

V?' A P' a „{d) h ^,(d) and Vv(d) h </ -»■ 

As any model for V U {di, . . . , d n } is clearly a model for L" U {di, . . . , d n } with the 
symbols P", f", c'l interpreted in the same way as the symbols P-, /', c' k , we get 

ip a "(d) h <f' — > a'(d), 

where a'(x) G T' corresponds to a"(x). 
We conclude that 

<p' h (/3' a „(d) -> ^v(d)) A (W'(d) a'(d)), 

and so 

^ h (Vs)(#,„(z) -> ^/(x)) A (Vx)(Vv(z) «'(^))- 
From this, we see that 

T' |= vr'(x) = {Vv(z) : a"(x) G 7r"(x)}, 

and {VV'( X ) : oc"(x) G 7r"(x)} is a collection of formulas in L. □ 

2. Connected components and 2-cocycles 

This section is constructed as follows. After a short introduction on group extensions 
and 2-cocycles, we prove the main theorem of this paper (Theorem 12.11) . describing 
a general situation in which an extension G of a group G by an abelian group A, 

—000 —00 

defined in terms of a definable 2-cocycle with finite image, satisfies G* B ^ G* B for 
some parameter set B (* means that we consider the sets of realizations in a monster 
model). Then, we notice that the examples from [3] fit into this context. Next, we make 
a closer analysis of the situation from Theorem 12.11 proving that in some cases the 

—000 —00 

main assumption of this theorem is also a necessary condition for G* B ^ G* B , and 
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~00 —000 

describing the quotient G* B /G* B . In Section EJ we prove that for some situations in 

which Theorem 12. II (or its Corollary 12. 2p can be applied, it can also be applied to certain 

extensions of the underlying group G. In Section HI the above results are used to produce 

~ ~ooo ~oo 

new classes of examples of groups of the form G* satisfying G* B G* B . 

Let G be an arbitrary group and let A be an abelian group. Assume that G is an 
extension of G by A (not necessarily central), i.e. we assume that there exists an exact 
sequence 

(1) ic ^M- ^G-^G — ^ 1 . 

Sometimes by a group extension of G by A we mean the above sequence (and not just 
the group G), which should be clear from the context. 
Then, G = (A x G, *), where 

(ai, gi) * (a 2 , g 2 ) = K + 9i ■ a 2 + h(g u g 2 ), g x g 2 ) 

for some action • : G x A — > A of G on A by automorphisms such that the conjugation 
action of G on A induces ■, and for some 2-cocycle h (also called a factor set), that is 
a map fc:GxG->i satisfying [TBI 10.13]: 

• %i, g-i) + h(gtg 2 , g 3 ) = h(g u g 2 g 3 ) + g x ■ h(g 2 , g 3 ) for all 5-1,5-2, #3 € G, 

• h(g, e) = h(e, g) = for all g G G. 

The identity element is (0, e) and the inverse of (a, g) equals (— g^ 1 ■ a — h(g~ l , g)^^ 1 ). 
More precisely, the extension (TTJ) is equivalent to the natural extension 

(2) 1< 5- A c {A x G, *) G — -1, 

that is, there exists an isomorphism ip: G —> (AxG,*) such that the following diagram 
commutes 

A c >- G — **~ G 

id f> — id 

A c (AxG,*)^G. 

Conversely, for any 2-cocycle h: G x G — >• A, the structure (A x G, *) is a group being 
an extension of G by A. 

From now on, G will denote (A x G, *) for some 2-cocycle h. We will freely identify 
A with the subgroup A x {e} of G. 

We say that the 2-cocycle h : G x G — > A is splitting if there exists a function / : G — > 
A for which: 

• %i, 02) = + 9i ■ f(9i) - figm) for all g u g 2 G G, 

• /(e) = 0. 

In this situation, we also say that h is splitting via the function f. 

We say that 2-cocycles h and h' are cohomologous via a function / if h — h' is splitting 
via /. 

Recall that the 2-cocycle ft is splitting if and only if the extension fl5]) is equivalent 
to the semidirect product extension of G by A [T6J 10.15]. In particular, if the action of 
G on A is trivial, then h is splitting if and only if the extension ()2]) is equivalent to the 
product extension. 
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If H < G, then h induces the restricted 2-cocycle h\H X H- H x H — > A. If C < A is 
invariant under the action of G, then the action of G on A induces an action of G on 
A/C, and the 2-cocycle h induces a 2-cocycle h: G x G — >■ A/C in an obvious way. 

We consider a situation when the groups G and A and the action of G on A are 
0-definable in a (many-sorted) structure Q (e.g. Q consists of the pure groups G and 
(A, +) together with the action of G on A). We assume that the image lm(h) of the 
2-cocycle h : G x G A is finite and that /i is definable in (equivalently, the preimage 
by h of any element of A is a definable in Q subset of G x G). 

The group G is, of course, definable in Q. Let Q* >- Q be a monster model. Denote 
by G* the interpretation of G in (?*, by A* the interpretation of A in Q*, and by G* the 
interpretation of G in Q*. We have the following exact sequence 

(3) ic ^A*( -G^^-G* — ~- 1 , 

where n is the projection on the second coordinate. 

The interpretations in Q* of various definable objects will be usually denoted by 
adding * (as above). An exception is the 2-cocycle h whose interpretation in Q* will be 
denoted by h (and not by h*). 

nnn ~ooo 

In the next theorem, by G B and G* B we denote the smallest subgroups of bounded 

index of G* and G*, respectively, which are invariant under Aut (Q*/B) for a fixed 

nn ~oo 

parameter set B. By G B and G* B we denote the smallest subgroups of bounded index 
of G* and G*, respectively, which are type-definable in Q* over B. By A we will denote 
the subgroup of A generated by the image of h. Notice that A is countable. 

Theorem 2.1. Let G be a group acting by automorphisms on an abelian group A, where 
G, A and the action of G on A are ^-definable in a structure Q, and let h: G x G — >■ A 
be a 2-cocycle which is B-definable in Q and with finite image lm(h) contained in B for 
some finite parameter set B C Q. Let A\ be a bounded index subgroup of A* which is 
type- definable over B and which is invariant under the action of G* . Assume that: 

(i) the 2-cocycle fy G *oo xG *op : G*° B x G*° B — > A is not cohomologous to a 2-cocycle 
which takes values in A*i n A (via a function taking values in A ); equivalently, 
the induced 2-cocycle h: G*° B x G*° B — > A / (A* 1 n A ) is non- splitting, 

(ii) A / (A* i fl A ) is torsion free (and so isomorphic with Z n for some natural n). 

~ooo ~oo 
Then G* B ^ G* B . 

Suppose furthermore that G*° B ° = G* , and for every proper, type- definable over B 
in Q* and invariant under the action of G* subgroup H of A* with bounded index the 

induced 2-cocycle h: G* x G* ->■ A / (H n A ) is non- splitting. Then G* B = G* . 

Before the proof, let us first list two special cases in which the assumption that A\ is 
invariant under G* is satisfied. 

• Consider the case when A\ = A* is the connected component of the pure group 
(A*, +), i.e. it is the intersection of all definable (in the pure group (A*, +)) finite 
index subgroups of A*. Then A\ has bounded index in A*, it is type-definable 
in Q* over 0, and it is invariant under the action of G*. 

• If the action of G on A is trivial (i.e. the extension of G by A is central), then 
the assumption that A\ is invariant under G* is clearly satisfied for every A\. 
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Notice also that if the assumptions of the theorem are satisfied in the monster model 
Q*, then they are satisfied in any bigger monster model. 



Proof. First, we prove the following claim. 

Claim 1 . Suppose H < A* is a subgroup of bounded index which is invariant both under 

Aut and under the action of G* on A*. Then (H + Aq) x G*° b ° is a subgroup of 
— ~ooo 
G* containing G* B . 

Proof of Claim 1. The fact that (H + Aq) x G*° b ° is a subgroup of G* follows from the 
invariance of H under the action of G* and the observations that the image lm(h) is 
contained in Aq and Aq is closed under the action of G* (which follows from the first 
formula in the definition of 2-cocycles). Moreover, it is clear that (H + Aq) x G*° b ° is 
i?-invariant and has bounded index in G*. This shows the desired inclusion. □ 



-ooo- 

B 



m 



). Let H < A* be as in Claim 1. As a 



It is easy to see that G B = tt G* 
consequence of Claim 1, we have that the following sequences are exact: 



(4) 



1^- 



H + A <- 



(H + Aq) X G* B 



000 



q*000 



B 



— 000 —000 _ nnn 

1< *- (H + Aq) n G* B c ^G* B — >*■ G B — -1. 

We can say even more about this situation. Notice that if H satisfies the assumptions 

—ooo —ooo — 

of Claim 1, then so does H n G* B , because G* B is a normal subgroup of G*. Thus, 

Claim 1 yields the following exact sequence 

/ x / —000 \ —000 —000 _ nnn 

(5) ic (H n G* B + A ) n G* B c ^ G* B G*^° 1, 

/ \ —000 —000 

and so ker ( 7r,~ooo ) = H D G* B + Aq fl G* B 



\G* 



D 



— 000 

Claim 2. Let H < A* be as in Claim 1. If Aq fl G* B Q H, then the induced 2-cocycle 
h: G*° B ° x G*^ 00 -> A / (i? n A ) is splitting. 

— 000 

Proof of Claim 2. If A fl G* B C if, then the above conclusion gives us 

/ \ —ooo 
ker 7r,~ooo = H n G* a . 



Let s : G*^ 00 — > G* B be a section of n of the form s(g) = (a g , g), where each a g £ H+A 



\G B 

-000 







and a e = 0. Then, 



a 9 ~ + C g , 



for some b g e H and c 9 G A . Consider a 2-cocycle tf: G*^ 00 x G*^ 00 -»■ A* defined by 

h' {91,92) = s(gi)s(g 2 )s(g 1 g 2 y 1 . 
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It takes values in ker ( 7T|~ooo J = H f)G* B . Moreover, it is cohomologous to h, because, 

using the fact that g • h(g~ 1 ,g) = h(g,g~ l ) (which follows from the definition of 2- 
cocycles), we have 

h' (91,92) = {a gi ,9i){ag 2 ,92){a gi92i 9\9v 

= h(9i,92) + 9i ■ a 92 - a 9192 + a gi 

+ h (g ± g2, (g^y 1 ) ~ 9\9i • h ((tfi^) -1 , gm) 

= h(9i,92)+9i-a g2 -a gi g 2 + a gi . 

The above equality implies that 

h'(gi, g 2 ) - 9i ■ b 92 + b gig2 - b gi = h(g u g 2 ) + gi ■ c g2 - c gig2 + c gi . 

Both sides of this equality define the same 2-cocycle h"(gi,g2), which takes values in 
H n A (because the left hand side takes values in H, and the right hand side takes 
values in A ). Thus, ft,i G *ooo xG »ooo is cohomologous to a cocycle with values in H H A 

via the function /: G*°£°% ^defined by f(g) = -c g . □ 

— 000 —00 

To prove the first part of the theorem, suppose for a contradiction that G* B = G* B . 
—000 

Put H = G* B fl A* 1. Then, H is a subgroup of bounded index of A*, which is type- 
definable in Q* over B and invariant under the action of G* (the last fact follows 

—000 — 
from the observation that G* B is a normal subgroup of G*). By Claim 1, we get that 

nnn —000 —000 

{H + A ) x G* B is a group containing G* B . Thus, G* B nA* < H + A . On the other 

no r~ooi 

hand, by Claim 2 together with the assumption (i) and the fact that G* B = n 



TV 



— 000 

G* B 



G* 



-000 . —000 



= G*^ 00 , we get A n G* B " £ H, so G*" B " n ((H + A )\H) ^ 0. Using 

the assumption that A / (A* 1 fl A ) is torsion free and the fact that A is countable, 

/— ooo \ —ooo —oo 

we conclude that [G* B fl A* ) /H is countably infinite. But, since G* B = G* B , the 

—000 /—ooo \ 

group G* B f)A* is type-definable in Q*, and so ( G* B fl A* J /H is a compact topological 

group, and as such, it cannot be of cardinality K , a contradiction. 

—oo 

Now, we prove the second part of the theorem. Let H = G* B fl A*. By Claim 2 



-oo 

and our assumption, H = A*. Therefore, A* < G* B . On the other hand tt 



7Y 



G*, 



-000" 



G *ooo = q* Henc6) q*' b = G*. □ 



-00 



00 

G* R 



Corollary 2.2. Let G be a group acting by automorphisms on an abelian group A, where 
G, A and the action of G on A are ^-definable in a structure Q, and let h: G x G — >■ A 
be a 2-cocycle which is B-definable in Q and with finite image Im(/i) contained in B for 
some finite parameter set B C Q . Recall that A denotes the subgroup of A generated by 
lm(h). Let A\ be a bounded index subgroup of A* which is type- definable (in Q* ) over 
B and which is invariant under the action of G* . Assume that: 

(1) The 2-cocycle h: G x G — )■ A is non-splitting (via a function taking values in 
A ). 

(2) A* i fl Aq is trivial and A is torsion free (and so A = Z n for some n). 

(3) = G*. 
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— 000 —00 

ThenG* B ^G* B . 

Suppose furthermore that G*° B ° = G* and: 

(4) (strong non-splittingness of h) For every proper subgroup Z 5j Aq = Z n the 
induced 2-cocycle h: G x G — )■ Z™ jZ is non- splitting. 

(5) (denseness of Aq in A*) If H < A* is a type- definable over B (in Q*) subgroup 

of A* of bounded index and containing A , then H = A* . 
—oo — 
Then G* B = G* . 

Before the proof, we give some comments on the assumptions of this corollary. Notice 
that since A is finitely generated, (2) implies that A = Z n for some natural number n. 
By Remark I2.7( i). every subgroup Z considered in (4) is invariant under the action of 
G*, and so it makes sense to talk about the induced 2-cocycle h: G x G — > Z n jZ . In this 
paper, strong non-splittingness (in the sense of (4)) of some 2-cocycles will be achieved 
by using Corollary 14.81 Another remark is that every definably absolutely connected 
group (see Definition II. 3 p satisfies (3). Finally, we explain why (5) was called 'denseness 
of Aq in A*\ Let A*° B be the smallest subgroup of bounded index of A* which is type- 
definable over B in Q*. It is easy to check that (5) is equivalent to the fact that Ao/A*° B 
is a dense subset of the topological group A*/A*° B . 

Proof. We have to prove that the assumptions of Theorem 12.11 are satisfied. First note 
that by (2), the group A / (A*i D A ) = A is torsion free. Suppose for a contradiction 
that the 2-cocycle h: G* x G* — > A is splitting (we use here (2) and (3)). Then, after 
restriction to G, we get that h: G x G — > Aq is splitting (via a function taking values 
in Aq), a contradiction with (1). 

The second part of the corollary holds, because (4) and (5) imply that for every 
proper, type-definable over B (in Q*) subgroup H of A* of bounded index the induced 
2-cocycle h: G x G — >• A / {H n Aq) is non-splitting. □ 

Next, we notice that the examples from [3], Section 3] follow from the above corollary. 

Example 2.3. Let Q = ((Z, +), (R, +,-,<, 0, 1)), G = SL 2 (M) and A = (Z,+). The 
groups G and A are 0-definable in Q. Assume that the action of G on A is trivial. Let 

G = SL 2 (R) be the topological universal cover of SL 2 (R). SL 2 (M) is defined by means of 
the 2-cocycle h: GxG — > Z considered in [H Theorem 2]. For the reader's convenience we 
recall the definition of h from PQ, from which it is clear that h is ^-definable in Q, where 

f c : 

B := { — 1,0,1). For c, d e R define the following symbol c{d) — < , _ „ . Consider 



f ttl 




( a 2 


b 2 \ 




di 




d 2 ) 



any ^ 7 ).( J ) e SL 2 (K). Lot 
Then 



c 


:cjt0 


d 


: c = 


a i 




C\ 


d\ ) ( 



a 3 b 3 \ ( a x bi \ ( a 2 b 2 
c 3 d 3 ) ~ \ ci di ) \ c 2 d 2 



n h \ ( n h \\ { 1 : Cl(rfl) > Ac 2 (d 2 ) > AC3(rf 3 ) < 



: otherwise 

Put as v4J the connected component Z* u of the pure group (Z*, +). Then the assumptions 

— —oo —ooo — 
of the above corollary are satisfied, so we get G* = G* G* , where G* is the 

interpretation of G in a monster model Q* = ((Z*, +), (R*, +, •, <, 0, 1)). 
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Proof. The assumptions (1) and (4) of Corollary 12.21 are true by [U Theorem 1], (3) fol- 
lows from the absolute connectedness of SL 2 (IR), and Aq = Z implies (2). The condition 
(5) follows from the observation that if D C Z* is a indefinable subset containing Z 
and BCZ, then D = Z*. Notice that since Q has NIP, we can skip the parameter set 
B in all connected components. □ 

Example 2.4. Let Q = (R, +,-,<, 0, 1), G = SL 2 (M) and A = S0 2 (R). Assume that 
the action of G on A is trivial. Fix a non-torsion element j 6 4. Let G be defined 
by means of the 2-cocycle h! : G x G — > S0 2 (R) defined as h'(x,y) = h(x,y)g for /i 
from Example ESJ Put A* = S0 2 (IR*) 00 and B = {-g,0,g}. Then, as in the previous 

~ — 00 —000 

example, the assumptions of Corollary 12.21 are satisfied, so we get G* = G* j± G* 

The advantage of our argument (i.e. the proof of Theorem 12. IH is that it is more 
general than the argument in [3]. In particular, it does not use the facts that G and G 

are perfect. In Section SI we will see that Theorem 12.11 yields new classes of examples 

~ ~oo ~ooo 

of groups G for which G* B ^ G* B , and we hope it may lead to more such examples. 

~oo ~ooo 

In Examples 12.31 and 12.41 the quotient group G* /G* turns out to be abelian. The 

next, general remark shows that this is not accidental. 

*oo _ r^*ooo 



Remark 2.5. In the situation from the first part of Theorem I2TT1 if G ' B = G B r , then 

— 00 —000 

the quotient G* B /G* B is abelian. 



Proof. We easily check that it 



G* 



-000 



G*° R 00 and 7T 



G* 



-oo 

13 



where tt: G* -» G* 



—oo 

is the projection on the second coordinate. Take any (a, g) G G* B . By assumption, 
there is a' G A* such that (a',g) G G* B . Since (a, g)(a', g)~ l = (a — a', e) G A*, we get 

- 000 , — 000 —00,-000 , — 000 

that (a,g)G* B G A*/G* B . Hence, G* B /G* B C A*/G* B , so the desired conclusion 
follows from the assumption that A* is abelian. □ 

A question arises whether one can solve Problem 11.21 by applying Theorem 12. 1[ In 
virtue of Remark 12. 5[ we see that in order to do that, we cannot apply Theorem 12.11 
to the situation when G*° B = G*° B °. However, one could try to apply this theorem 
to groups for which G*° B ^ G*° B °. One should notice here that if ^ G*^ 00 , then 

—000 —00 

G* B 7^ G* B is clear without using Theorem 12 . 11 Nevertheless, the proof of Theorem 
—ooo —oo 

12. II explains a deeper reason why G* B G* B , and it may help to construct an example 

— 00 —000 

in which G* B /G* B is non-abelian. Let us state our question explicitly. 

Question 2.6. Can we find data satisfying the assumptions of Theorem 12 .11 (necessarily 

00 000\ —oo —ooo 

with G* B 7^ G* B ) so that G* B /G* B is not abelian? Does the answer change under 

the additional assumption that the action of G on A is trivial? 



Maybe one could try to iterate the applications of Theorem 12 .11 in an appropriate way 
to get the desired example at some point of the construction. 

Now, we will undertake a closer analysis of the situation from Theorem 12.11 First of 
all, we show that in some cases the assumption (i) of Theorem 12. II is not only sufficient 

— 000 —00 

but also necessary in order to have G* B G* B . Then, we give a description of the 

—oo —ooo nnn nn 

quotient G* B /G* B , assuming that G* B = G* B . We also formulate some questions 

related to these issues. 
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Before we go to the details, notice that if one wants to find a necessary condition on 

-000 , ~00 



the 2-cocycle h from Theorem 12. II for G* to satisfy G* B ^ G* B , it is natural to assume 

000 00 —000 — 00 

that G* B =G* B (as otherwise G* B is automatically different from G* B ). 
Let us start from the following, very useful observation. 



Remark 2.7. Consider the situation described in the first sentence of Theorem 12.11 

(i) G*° B acts trivially on Aq. 

(ii) G*^ 00 acts trivially on A*/ (g* b ° n A*\. 

(iii) Let A\ be a bounded index subgroup of A* which is type-definable over B and 
which is invariant under the action of G*. Then G*° B acts trivially on A* j A\. 

Proof, (i) Take any a G Aq. Since A is closed under the action of G* and countable, 
the index [G* : Stabc*(a)] is also countable, where Stabc*(a) is the stabilizer of a in G*. 
As a G dcl(.B), we have that Stably* (a) is Indefinable with [G* : Stabc*(a)] finite, and 
so StabG*(a) > G*° B . Thus, G*° B acts trivially on Aq. 

_ / — OOO \ —000 

(ii) Consider any element a in A*/ [G* B f]A*). Since G* B is a normal subgroup 



of G*, the action of G* on A* induces a B- invariant action of G* on the quotient 

/—ooo \ _ 
A* I ( G* B fl A* ) . As this quotient has bounded size, the orbit of a under the action of 

G* is also of bounded size. Thus, the stabilizer Stabc* (a) of a in G* is a bounded index 

subgroup of G* (invariant over B,a). The intersection of all such stabilizers Stabc*(a) 

_ /—ooo \ 

for a ranging over A*/ ( G* B fl A* J is a B- invariant, bounded index subgroup of G* , 

and so it contains G*^ 00 . Thus, G*^ 00 acts trivially on A*/ (d* B ° n A*\ 

(iii) A similar proof works. □ 

Proposition 2.8. Consider the situation described in the first two sentences of Theorem 
\2.1\ together with the assumption (ii) of this theorem, and suppose G*° B ° = G*° B . Assume 

—000 —000 —00 —00 

additionally that A\ C G* B n A*. Then G* B ^ G* B if and only if G* B n A* A\. 

More precisely, the implication (<^=) does not require the above extra assumptions 
(except those from Theorem \2.1\) . whereas the implication (=^) does not require the 
assumption (ii) from Theorem \2.1[ 

—ooo 

Before the proof, notice that the assumption A\ C G* B fl A* cannot be dropped. 

Indeed, consider A\ = A* to see that without this assumption the implication (=>■) does 

—ooo —oo 

not need to hold. One can also take any example in which G* B ^ G* B and define a 
—oo 

new A\ as G* B (lA*. 

—000 

Notice, however, that the assumption A\ C G* B fl A* holds in various interesting 
cases (e.g. if A\ = A*° B = A*° B ° and the action of G on A is trivial; in particular, 
if G — ((A,+),M), G is definable in the structure M and it acts trivially on A, and 
A\ = A* ). 

Proof. (<=) follows by an argument similar to the one contained in the last but one 

paragraph of the proof of Theorem 12.11 (and does not require the extra assumptions made 

—ooo —oo 

in Proposition I2.8p . Namely, suppose for a contradiction that G* B = G* B . By Claim 1 

, , —ooo 1J /—ooo \ , 

in the proof of Theorem O, we know that G* B n A* C A\ + A , so ( G* B nA*j /A* 
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is countable, and, if it is non-trivial, it must be infinite (as (Aq + A*) j A\ is torsion free 

, /— 000 \ , —000 ~00 , 

by (ii)). But (G* B nA*J jA\ is non-trivial, because G* B n A* = G* B n A* A\. 

/ — 00 \ 

Hence, ( G* B fl A* j JA\ is a countable, infinite, compact group, which is impossible. 

, ~00 — 00 —000 

(=*►). Suppose for a contradiction that G* B nA* C A\. Then A\ = G* B C\A* = G* B nA*. 
Since G*° B ° = G*° B , by the exactness of the sequences 



, —00 —00 _ nn 

(6) 1< G* B n A*( G* B G*^° — - 1 



, —000 —000 _ nnn 

(7) ic 5- G* B nA*( >■ G* B -^-G*™ — -1 



— 000 —00 

we get G* B = G* B , which is a contradiction. □ 

The commutator length of an element g G [G, G] is the minimal number of commuta- 
tors sufficient to express g as their product. The commutator width cw(G) of G is the 
maximum of the commutator lengths of elements of its derived subgroup [G, G\. Notice 
that, by a compactness argument, the clause l G* is perfect' is equivalent to l G is perfect 
and G has finite commutator width cw(G)'. By [51 Theorem 2.16], every absolutely 
connected group is perfect. 

Proposition 2.9. Consider the situation described in the first two sentences of Theorem 

(i) Assume additionally that Horn (G*° B °, Aq/ (A^ fl A )) is trivial. Then the induced 2- 

cocycleh: G* B ° x G* B ° -»■ A /(AinA ) is non- splitting if and only if G*° B ° fl A* % A*. 

(ii) Assume additionally that G is absolutely connected of finite commutator width (and 

so G*° B ° = G* ^ = G* is perfect). Then the induced 2-cocycleh: G*°^xG*^ A /(A\r\ 

—oo 

Aq) is non-splitting if and only if G* B fl A* % A\. These two equivalent conditions are 
also equivalent to the fact that the induced 2-cocycle from G* x G* to A* /A* (which we 
also denote by h) is non-splitting. 

The assumption that Horn (G*^ 00 , A$/ (A* PI A))) is trivial is satisfied in many cases. 
For instance, this assumption holds when G*° B ° is a perfect group or a divisible group, 
because A / (A\ fl A ) is a finitely generated abelian group. For example, we know that 
G*° B ° = G* is perfect when G is absolutely connected of finite commutator width, and 
G*^ 00 is divisible when G is a finitely generated abelian group [H Proposition 3.7]. 

Proof, (i) (=^) follows from Claim 2 in the proof of Theorem 12.11 (and does not require 
the assumption that Horn (G* B °, A / (A* n A )) is trivial). 

(<=). Since A /(A\ fl A ) = (A + A\) j A\, h can be treated as a 2-cocycle with values 
in (A + A]) /A*. Suppose for a contradiction that h is splitting. By Remark I2.7( i). this 
means that h(x,y) = f(x) + f(y) - f(xy) for some function /: G*^ 00 -> (A + A\)/A\ 
satisfying /(e) = + A*. 

Notice that / is unique. Indeed, ifh(x, y) = fi(x)-\-fx(y)—fi(xy),then (f — fi)(xy) = 
(f-fi)(x) + (f-fi)(y), so f-fi belongs to Horn (G*r, (A + A\)/A*) which is trivial 
(this is the only place where this assumption is used). Thus, we get that f — fx- 

From the uniqueness of /, we conclude that /, treated as a subset of G*° B ° x (A + 
Al)/A\, is invariant over B. 
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Let H be the extension of G B by A*/A\ defined by means of the 2-cocycle h, with 
the action of G*° B ° on A* /A\ induced by the action of G* on A*, which is trivial by 
Remark EDT iii) . Let K be the corresponding product A*/A\ x G*° B °. Both groups H 
and K live in Q* as 5-invariant objects. 

A classical fact tells us that since h is splitting via /, the function $ : H — > K given 
by $(a,g) = (a + f(g),g) is an isomorphism of groups. Since / is 5-invariant, so is 

Although K is not definable but only 5-invariant, we can still define f^ 00 as the 
smallest I?-invariant, bounded index subgroup of K. The trivial subgroup A\/A\ of 
A*/A\ will be denoted by {0}. 

As {0} x G*° B ° is a 5-invariant subgroup of K of bounded index, K° B 00 = {0} x G*° B °. 
Hence, K B m n {A*/A\) = {0}. 

Using this together with the fact that $ is a 5-invariant isomorphism, we conclude 
that 

{0} = [{0}] = fc" 1 [K° B 00 n (A* /AD] = H° B 00 n {A*/A\) = (g* b ° n A*^j jA\. 
~ooo 

Therefore, G* B fl A* C A\, a contradiction. 

(ii) We have that G* B ° = G*° B = G* is perfect. The implication (=*■) follows from the 
implication (=^) in point (i). 

(-£=). The idea is to apply the proof of (<=) in (i), noticing that by Beth's definability 
theorem, the function / considered in the proof of (i) is a £> -type- definable subset of 
G* x (A* /A*) (i.e. its preimage in G* x A* under the map (g,a) h-> (gr, a + A*) is 
type-definable over 5). 

Denote by L the language of Q, and by its expansion by the constants from B. 
Let Li = L B U {fi} and L 2 = L B U {/a}, where /i and / 2 are two new distinct function 
symbols. Let and G(y) be formulas in L defining A and G in Q, respectively. Let 
Ai(x) be a type (in Lb) defining A\ in We will use the fact that h is a function 
definable in Q in the language L B . 

For i e {1,2} we define a theory Tj in the language Li as the theory of Q in L B 
together with the sentence 

(Vx) (G(x)^A(/,(x)) 
and the following collection of formulas in Lj 



(Wx,y) [(G(x) A G(y)) ip(h(x,y) - + /,(x) + fry))] 

with ranging over all formulas from A\(z). This extra collection of formulas says 
that in any model M of T h the induced 2-cocycle h M : G(M) x G(M) -» A(M)/Ai(M) 
coincides with the function / i M (xy)-/ i M (x)-/ i M (y), where /j M : G(M) ->■ A(M)/Ai(M) 
is given by /, (x) = f^(x) + Ai(M) (where / 4 M is the interpretation of fi in M). 

— M — M 

It follows easily that whenever M is a model of 7\ UT 2 , then the difference /1 — 72 
belongs to Horn (G(M), A(M)/Ai(M)), which is trivial because G(M) is perfect and 

A(M)/Ai(M) is abelian. So /1 = f'2 ■ Therefore, T% UT 2 |= pi(x, y) = p 2 (x, y), where 
Pi(x, y) is the type 

G(x)AA 1 (y-f i {x)) 

in the language Li. 
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Using Beth's theorem (i.e. Fact II. 4p . we get a type p(x,y) in Lb such that 

T x h Px{x,y) = p(x,y). 

Suppose for a contradiction that h: G* xG* — >■ A* /A* is splitting. By Remark l2.7( iii). 
this means that h(x,y) = f(x) + f(y) — f(xy) for some function /: G* — > A* j A\. We 
can write f(x) = f{x) + A\ for some function /': G* — > A*. 

Expanding Q* by /' (prolongated arbitrarily outside of G*) and treating /' as the 
interpretation of the function symbol /i, Q* becomes a model of T\. We conclude that 
f(x) — y + A\ if and only if Q* |= p(x, y). 

Having that / is type-definable over B, we get that $ (defined in the proof of (i)) is 

also type-definable over B. Hence, modifying slightly the rest of the proof of (i), one 
— oo 

easily gets G* B D A* C A\, which is a contradiction. □ 
Propositions 12.81 and I2.9( ii) yield the following observation. 

Corollary 2.10. Consider the situation described in the first two sentences of Theorem 

\2.1\ and suppose A\ C G* B DA*. Assume additionally that G is absolutely connected of 

—ooo ~oo 

finite commutator width. Then the conclusion G* B ^ G* B of Theorem \2. 1\ implies its 

assumption (i), i.e. the induced 2- cocycle h: G*° B xG*° B — > A /(Alr}A ) is non-splitting. 

Let us summarize Propositions 12.81 and I2.9( i) . Consider the situation described in the 
first two sentences of Theorem 12 .11 and suppose = G*° B . Assume additionally that 

At C G* B ° n A* and Horn (G*^ 00 , A / (A\ n A )) is trivial. Then: 



-000 . —00. —00 



• The conclusion of Theorem lO (i.e. G* B ^ G* B ) implies that G* B D A* At, 

and it is equivalent to this condition under the assumption (ii). 

—ooo 

• The assumption (i) of Theorem 12 . 1 1 is equivalent to the condition G* B C\A* <2 A*. 

This leads us to the following question. 

—oo 

Question 2.11. Under the above assumptions, is it true that G* B R A* C At if and 

—ooo 

only if G* B n A* C A*l 

The positive answer to Question 12. Ill would imply that, under the above hypothesis, 
the conclusion of Theorem 12. II implies its assumption (i). This is strongly related to the 
following question. 

Question 2.12. Does there exist data with the properties described in the first sentence 

of Theorem O together with G*^ 00 = G*° B , and such that G*° B ° n A* is type-definable 
—oo 

but different from G* B fl A*! 

The above question is interesting due to several reasons. If the answer to this question 
is negative, then the answer to Question 12.111 is positive, so the conclusion of Theorem 
12.11 implies the assumption (i) (under the hypothesis described before Question 12. lip . 

—000 

If the answer is positive, then putting A* = G* B nA*, we get a situation satisfying all 
the requirements described in the first two sentences of Theorem 12.11 together with the 
conclusion of this theorem, but the assumption (i) is not satisfied by Proposition I2.9( i). 
On the other hand, it will be shown in a forthcoming paper (joint with A. Pillay and 
S. Solecki) that the positive answer would refute a certain difficult conjecture on Borel 
complexity of the relation of being in the same Lascar strong type. 
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Now, we will answer Questions 12.111 and 12.121 in two special (but still rather general) 
situations. 

For example, we will show that the answer to Question 12.111 is positive provided that 
A\ is an intersection of .B-definable subgroups of finite index which are invariant under 
the action of G* . If the action of G on A is trivial, this extra assumption is equivalent 
to the fact that A\ contains A*° B (the intersection of all Indefinable in Q*, finite index 
subgroups of A*). In particular, if the action of G on A is trivial, G*° B ° = G*° B is perfect, 
and A\ = A*° B ° = A*° B , we get that the assumption (i) of Theorem 12. II is equivalent to 
its conclusion (for (=^) we need to assume (ii), for (•£=) we do not). 

In fact, in the next proposition, we consider a more general context than in the above 
discussion. 

Proposition 2.13. (%) Consider the situation described in the first two sentences of 

Theorem \2.1\ and assume that G is absolutely connected of finite commutator width. 

— oo ~ooo 
Then G* B n A* C A\ if and only if G* B n A* C A\. 

(ii) Consider the situation described in the first sentence of Theorem \2.1\ Let A\ be a 
bounded index subgroup of A* which is invariant over B, invariant under the action of 
G* , and which is an intersection of definable subgroups of finite index. Assume G*° B ° = 

nn —00 —000 

G* B . Then G* B n A* C A\ if and only if G* B H A* C A\. 

Proof, (i) Only the implication (<=) requires an explanation. Assume G* B DA* 

By Proposition ESKi), this implies that h: G*° B ° x G*°^° -> A a /(A\ n A ) is splitting. 

Thus, since G*° B ° = G*%, Proposition E^ii) gives us that G*° B n A* C A*. 

(ii) Once again only the implication (<=) requires a proof. We start from the following 
claim. 

Claim. The group A\ can be written as f] ieI Ai, where all Ai's are 5-definable (in Q*) 
subgroups of A* of finite index, invariant under the action of G* and so normal in G*. 

Proof of the claim. We can write A\ = f] ieI Ci, where all CVs are definable subgroups 
of A* of finite index. Since A\ < Ci, A\ is invariant under G*, and A* j A\ is of bounded 
size, we get that the orbit of the set Cj under G* is of bounded size, and so the set- 
wise stabilizer Stabc*(Cj) of Ci in G* is a definable subgroup of bounded index. Thus, 
[G* : Stabc*(Gj)] < Kq. Define Bi as the intersection of all g ■ Ci for g ranging over G*. 
We conclude that A\ = B i: and all BiS are definable subgroups of A* of finite 
index, invariant under G*. 

Since A\ < Bi, A\ is invariant over B, and A* /A* is of bounded size, we get that 
the orbit of the definable set Bi under Aut(Q*/B) is of bounded size, and so it is finite. 
Let Ai be the intersection of all / [Bj\ for / ranging over Ant(Q* / B) . We conclude that 
A\ = Die/ anc ^ a ^ ^«' s are -B-definable subgroups of A* of finite index, invariant 
under G* . □ 

The quotient G* j Ai can and will be freely identified with the extension of G* by 
A* j Ai defined by means of the 2-cocycle induced by h and the action of G* on A* /Ai 
induced by the action of G* on A*. Then, n: G*/Ai — > G* denotes the projection on 
the second coordinate. 
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/— \ 00 

We see that \G*/A) 
Since G*^ 00 = G*° B , we conclude that 

oo' 



—00 \ , / — , \ 000 

G* B +A t )/A l and \G*/Aij ^ 



71 



G*/A 



B 



G 



*00 
B 



.0*000 „ 
G B =71 



G 



■IM) 



\ 000 



B 



— 000 

G* B +A i )/A l . 



\ 000 \ 00 

Therefore, (A* /At) ■ \G*/A) > (G*/AA . Using the assumption that A* /A is 
finite, we conclude that 



00 /~ \ ooo' 
G*/A) b :(G*/a) b 



In virtue of [7J Lemma 3.9], this implies that ( G*/A 



<K . 

00 



- 00 



-000 



B 



G*/A 



ooo 



. Therefore, 



-000 



B 



G* B H A* C n A* J + Aj. Since we have assumed that G* B n A* C C A*, we 

— 00 ' —00 

conclude that G* B n A* C Aj. As this holds for any i e I, we get G* B f] A* C A*. □ 

The next, obvious corollary of the above proposition tells us that the answer to 
Question l2.12l is positive under the additional assumption that G is absolutely connected 

— 000 

of finite commutator width or that G* B fl A* is an intersection of definable subgroups 
of finite index in A*. 



Corollary 2.14. Consider the situation from the first sentence of Theorem \2.1\ 

(i) Assume additionally that G is absolutely connected of finite commutator width. Then, 



-ooo 



00 



-000 



- 00 



if G* B fl A* is type- definable, it must coincide with G* B fl A*, and so G* B = G* B 
(ii) Assume additionally that G 



*ooo 

B 



-000 



G* B . Then, if G* B fl A* is an intersection 
-ooo —oo 



of definable subgroups of finite index in A* , then G* B fl A* = G* B fl A* , and so 



G* 



-ooo 



G* 



■ oo 

B 



In Remark 12. 5[ we have seen that if G*^ 00 



G*° B , then the quotient G* B /G* B " is 



oo 



-000 



abelian. Now, we give a more precise description of this quotient. 



Proposition 2.15. Consider the situation from the first sentence of Theorem \2.1\ and 



- oo 



-000 



- 00 



-000 



assume thatG* B ° = G* B . Then G* B /G* B is isomorphic to [G* B n A* J / [G*' B n A* J, 

and so it is abelian. More precisely, there exists a B-invariant isomorphisms between 
these groups. 



-ooo 



Proof. For each g e G*° B ° = G*° B choose a g 6 A* so that (a g ,g) G G* B ". Using the 
exact sequence ©, one easily gets: 



-ooo . r , N 
G* r n(A*x{g}) 



000 

a g + ( G* B n A* 



x {9}, 



B 

G*°B n (A* x {g}) = (a g + (g*° b HAMJx {g}. 



We will show that the formula 

/ , N —000 
$((a,g)G* B 



-000 



a- a a + ( G* B n A 
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is a well definition of a S-invariant isomorphism 

— oo ,~ooo /— oo \ , /— ooo \ 
^ [G* B nA*j / [G* B nA*j. 

We check that $ is well-defined. Consider any (ai, pi), (a 2 , P2) £ C* B such that 
~ooo ~ooo 
(ai, pi)(a 2 , p 2 ) ^ G* B . Our goal is to show that (a x — a 9l ) — (a 2 — a 92 ) G G* B fl A*. 

Since (a 9l , pi), (a g2 ,g 2 ) £ C* B fl A*, we have: 

(ai - PiP^ 1 • a 2 - pi • h (p 2 ~ 1 ,P2) + d (pi,P2 _1 ) ,9192^ = (ai,Pi)(a 2 ,P2) _1 G n A*, 

(Si -^i^ 1 - a fl 2 -9x -h {g 2 l ,g 2 ) + to (pi, 92 1 ) ,9i9z l ) = (a 9 i,9i)(a g2 ,g2)~ 1 G G* B fl A*. 
This implies 

(a x -a gi )- g x g 2 x ■ (a 2 — a fl2 ) G 6?*^°° fl A*. 
On the other hand, by Remark 12 .7( ii). 

-i / \ / \ tt 000 4* 

P1P2 ' («2 - a 92 ) - (a 2 - a 92 ) G G* B HA. 

So, we conclude that (ai — a si ) — (02 ~ a 32 ) e ^ A* . 

It is clear that $ is invariant over S and that it is a surjection. Hence, it remains to 
check that it is an injective homomorphism. 

First, we check that $ is a homomorphism. Take any (ai,pi), (02, P2) G G* B . Then, 

$ ((ax, pi) (a 2 ,g 2 )G* B J = a a + pi ■ a 2 + h(g u p 2 ) - a gig2 + (g* b n A* J and 

/. * 000 \ / ~ 000 \ /— 000 \ 

$ (^(01, Pi)G*b J + $ (fc 2 , p 2 )G* i? j= ai -a 91 +a 2 - a g2 + [G* B n A* J . 

So, our goal is to show that 

(a gi + pi ■ a 2 + % 1; p 2 ) - a 9l92 ) - (a 2 - a g2 ) G (G*™ n A* j . 

Since (a 9l + pi • a 92 + h(g u g 2 ), gm) = (a gi , g 1 )(a 92 , g 2 ) G we have that a gi + 

Pi • a g2 + h(g 1 ,g 2 ) - a gig2 G G* B fl A*. Therefore, 

Ki + 9i ■ 0-2 + h(gug 2 ) - a gig2 ) - (a 2 - a fl2 ) = (a gi + g x ■ a g2 + h(gi,g 2 ) - a 9l92 ) 
+ Pi ■ (a 2 - a S2 ) - (a 2 - a 92 ) G pi ■ (a 2 - a 92 ) - (a 2 - a 92 ) + n A* J . 

We are done, because Remark f2T7T ii) implies that pi • (a 2 — a g2 ) — (a 2 — a 92 ) G G* B fl A*. 

It remains to show that $ is injective. Consider any (01,(71), (a 2 ,p 2 ) G G* B such that 
(ai,pi)(a 2 ,p 2 ) _1 ^ C7* B . Then, 

(8) ai - pip^ 1 ■a 2 -g 1 -h (g 2 l ,g 2 ) + /i (pi, P 2 _1 ) - a fllfl -i $ G*° B ° n A*. 

Our goal is to show that (a% —a gi ) — (a 2 —a g , 2 ) ^ G* B HA*. Suppose for a contradiction 
that this is not the case. ^ 

As (a Sl ,pi), (a S2 ,p 2 ) G G* B , we have that 



(%i - #102 1 ' - Pi ■ h (p 2 \p 2 ) + h (pi,p 2 x ) ,PiP 2 *) = (a 9l ,pi)(a 92 ,p 2 ) 1 G C7* 



000 

B 1 
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and so 



i / _i \ / _i\ —000 

a 9i - 9i9 2 -aga-Qi-h [g 2 ,92)+h (g u g 2 ) - a -i G G* B n A . 



Using this together with the assumption that (ai — a Sl ) — (a 2 — a g2 ) G G* B PI A* and 

the fact gig^ 1 • (a 92 — a 2 ) — (a 92 — a 2 ) G G* B fl A* (which follows from Remark [2TT ii)). 
we get the following computation, which contradicts (jSj): 



oi - Sift 1 ■ a 2~ 9i ■ h(g 2 1 ,g 2 ) + h (g u g 2 x ) 



a 



= ( a 9i - #i#2 1 ■a 92 -gi-h(g 2 1 , g 2 ) + h (g x , g 2 l ) - a gig -A 
+ (a x - a gi ) + g^ 1 ■ (a g2 - a 2 ) E G* B f)A*. 

□ 

In the examples from [3], and, more generally, for each group G definable in a monster 
model of an o-minimal expansion of a real closed field, the quotient G 00 /G 000 turns out 
to be abstractly isomorphic to an abelian, compact Lie group divided by a dense, finitely 
generated subgroup [U Remark 5.5]. 

In the situation from Theorem^ assuming that G* B ° = G* B and A\ C G*° B °nA*, 
and using Proposition 12.151 we get 

• — -00 ,• — -000 //- — -00 \ , \ , // — -000 \ , \ 

G* B j G* B = ( [G* B n A*) /A\\ I ( [G* B n A*) /A\\ . 

— 000 —00 —000 

Thus, since G* B fl A* < A\ + A , we easily conclude that G* B /G* B is isomorphic to 
the quotient of an abelian, compact group by a finitely generated subgroup. A question 
arises if this finitely generated subgroup is dense. Proposition 12.131 yields the following 
observation. 

Proposition 2.16. (i) Consider the situation described in the first two sentences of 

Theorem \2.1l and assume that G is absolutely connected of finite commutator width. 

/— ooo \ , /— oo \ , 

Then (G* B n A* J j A\ is dense in ( G* B n A* J j A\. 

(ii) Consider the situation described in the first sentence of Theorem \2.1\ Let A\ be a 
bounded index subgroup of A* which is invariant over B, invariant under the action of 
G* , and which is an intersection of definable subgroups of finite index. Assume G*° B ° = 

nn /—000 \ , / — 00 \ , 

G* B . Then (G* B nA*J /A* is dense in (G* B n A*) j A\. 

Proof, (i) Let p: A* — > A* /A* be the quotient map, and let A* 2 be the preimage under 
/—ooo \ 

p of the closure of [G* B fl A* j /A*. We see that A\ is a bounded index, _B-type- 

— 000 

definable subgroup of A* invariant under the action of G*. Moreover, G* B fl A* C A\. 
By Proposition 12 .13l fi) applied to A\ (instead of A*), we get that G* B (~)A* C A* 2 , which 

/ — -000 \ , / — -00 \ , 

implies that f G* B n A*) j A\ is dense in f G* B n A*) j A\. 

(ii) By the claim from the proof of Proposition 12.131 we know that A\ = f] ieI Ai, 
where all Afs are i?-definable subgroups of A* of finite index, invariant under G*. We 
can assume that the family {Ai : i G J} is closed under finite intersections. Take the 
notation from the proof of (i). Since A 2 is 5-type-definable and contains A*, we get that 
A 2 = r\ i&I (Ai + A 2 ) and each Ai + A 2 is a indefinable subgroup of A* of finite index, 
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invariant under G*. Moreover, G* B R A* C A* 2 . Thus, applying Proposition 12. 13( ii) . we 

~oo 

get that G* B fl A* C A?;, which is enough. □ 

3. Extensions 

In this section, we make a few observations telling us that in some situations in which 
Theorem 12.11 or Corollary 12.21 can be applied to a group G, it can also be applied to 
certain extensions of G (providing new examples in Section H]). 

Suppose G acts on an abelian group A, h: G x G — )■ A is a 2-cocycle and / ': H -» 
G is an epimorphism. Then / induces an action of H on A so that the composition 
hi := h o (/, /) : H x H — >■ A becomes a 2-cocycle on H . By using the classical idea 
of the "Inflation- Restriction Sequence" [151 Theorem 4.1.20], we obtain the following 
proposition. 

Proposition 3.1. Under the notation of the previous paragraph, suppose z: G — >■ H is 
a section of f with z(ea) = e#. The 2-cocycle h' = h o (/, /) : H x H — >• A is splitting 
if and only if there exists a homomorphism g: ker(/) — > A which is G-invariant, that 
is for x' G H and y' G ker(/) we have g (x'y'x'^ 1 ) = f(x') ■ g(y'), and such that h is 
cohomologous with the 2-cocycle h" defined by 

h"(x,y) = g (z(xy)z(y)~ 1 z(xy 1 ) 

for x,y G G. 

In particular, i/Hom(ker(/), A) is trivial, then h is non-splitting if and only if h! is 
non- splitting. 

Proof. There exists a function g: H — )■ A such that for x',y' G H, 

(0) h(f(x'), f(y')) = g(x') + f(x') ■ g(y') - g(x'y'). 

If x' G ker(/) or y' G ker(/), then g(x'y') = g(x') + f(x') ■ g(y') (because h(ec, — ) = 
h(—,ea) = 0), so <7|w/) £ Hom(ker(/), A). Moreover, taking x' G H and y' G ker(/), 
we have x'y'x'^ 1 G ker(/), so g(x'y') = g{x'y 'x'~ l x') = g^x'y'x'^ 1 ) +g(x'), and therefore 
g{x'y'x'~ 1 ) = gix'y') — g{x') = f(x') ■ g(y')- This means that g\ker(f) is G-invariant. 
Denote z = g o z: G — >■ A. For x,y G G let x' = z(x) and y' = z(y). We have 

h(x,y) = h(f(x'),f(y')) = g(z(x)) + x ■ g(z(y)) - g(z(x)z(y)) 

= \d(z(x)) + x ■ g(z(y)) - g(z(xy))] + g(z(xy)) - g(z(x)z(y)) 
= [z(x) + x ■ z(y) - z(xy)} + g (z(xy)z(yy 1 z(xy 1 ) , 

because z(xy)z(y)~ 1 z(x)~ 1 G ker(/). 

(<=)■ If h is cohomologous with h", then hi = h o (/, /) is cohomologous with 
hi" = h"o(f, f). For x',y' G H we have h"'{x',y') = g (z(f(x , y J ))z{f{y'))- 1 z(f(xl))- 1 ) = 
g ((x'y'zifXxWr'y'x^y'zifXy'^x'-^x'zifXx'yr 1 )) = F{x')+f{x')-F{y')-F{x'y% 
where F : H — )• A is defined as = g(tz(f(t)) 1 ). Hence, both /i'" and hi are split- 
ting. □ 

Corollary 3.2. Consider the situation described in the first part of Theorem \2.1\ Sup- 
pose that 

(1) G is absolutely connected, 

(2) / : H -» G is an epimorphism. 
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Regard H and f as objects (^-definable in some first order expansion % ofQ. Let ~H* >- H 
be a big enough monster model. Assume additionally that Hom(ker(/*), Aq/{A\ R ^o)) 
is trivial, where f* in the interpretation of f in %* . Then the 2-cocycle h' defined as 

h' = ho (/*, /*) : x H*° B ° A /(A{ R A ), 

where h: G* x G* — > Ao/(A*n Aq) is the induced 2-cocycle, is non- splitting. Therefore, 

~ooo ~ oo ~ 

by Theorem \2.1[ H* B ^ H* B , where H is the extension of H by A corresponding to 

the 2-cocycle h! :— ho (/, /). 

Proof. Choose a monster model W >- % so that the interpretation of Q in it is a 
monster model of Th(£?) being an elementary extension of Q*; we may assume that this 
interpretation coincides with Q* . 

Since G is absolutely connected, we have that G*° B (computed in the sense of H*) 
equals G*, and so /* [H*° B ] = G* . If hi is splitting, then by Proposition |3J] and the 
triviality of Hom(ker()*), Aq/{A\ n Aq)), the 2-cocycle h: G* x G* ->• A Q /(A\ n A ) is 
splitting, which contradicts the assumption (i) of Theorem 12.11 □ 

If in Corollary 13 . 21 one starts from the situation described in the first part of Corollary 
I2.2l (instead of Theorem 12. ip . then the extra assumption that Hom(ker(/*), Aq/(A\C\Aq)) 
is trivial means that Hom(ker(/*), Z n ) is trivial, which is always satisfied for example 
when ker(/*) is divisible or finite. 

Corollary 13.21 is a general recipe for obtaining new examples of extensions to which 
Theorem 12.11 can be applied. The next remark is a variant of this, where we assume that 
if is a product extension of G, but the assumptions that l G is absolutely connected' 
and l Hom(ker(/*), Aq/(A\ C\ Aq)) is trivial' are dropped. 

Remark 3.3. Consider the situation described in the first part of Theorem 12.11 Let 
H = K x G, where K is an arbitrary group. Let % be the expansion of Q obtained 
by adding a new sort, consisting of the pure group structure H, and the projection 
/ : H — > G on the second coordinate; H* >- H denotes a big enough monster model. 
Then the 2-cocycle hi defined as 

h' = ho (f , /*) : H*™ x H*° B ° Aq/{A\ H Aq), 

—000 —00 ~ 

is non-splitting. Therefore, by Theorem I2.1[ H* B ^ H* B , where H is an extension of 
H corresponding to the 2-cocycle hi — ho (/, /). 

Proof. Let be the expansion of Q by the additional sort for the pure group structure 
K; then the group H and the projection / are definable in %i. Take a monster model 
T-L\ >- Hi so big that the interpretation of H in "H* (which we denote by %*) is a monster 
model of Th("H) and the interpretation of Q in H\ is a monster model of Th(^) being an 
elementary extension of Q*; we may assume that the interpretation of Q in %\ coincides 
with Q*. Let K* and H* be the interpretations of K and H in %\. 

Then H* = K* x G*. Since h'((k u g x ), (k 2 , g 2 )) = h{g u g 2 ) and h\ G*^ x G*° B -»■ 
Ao/^AIHAq) is non-splitting (by assumption), in order to show that hi: H*° B x H*° B ->■ 
Aq/(A\ PI Aq) is non-splitting, it is enough to notice G*° B computed in the sense of 
coincides with G*° B computed in the sense of Q*. But the last equality follows imme- 
diately from an easy observation that the structure induced on Q* from H\ coincides 
with the original structure on Q* . □ 
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Part (2) of the next proposition says that any strongly non-splitting extension of an 
absolutely connected group by a finite abelian group is also absolutely connected. This 
is a generalization of [5j Proposition 2.13], where we considered extensions by Z/pZ for 
prime numbers p. 

Proposition 3.4. Let 

ic „ A'c ^ h — ^ G — ^ 1 

be an extension of a group G by a finite abelian group A' , defined by means of a 2-cocycle 
hf-.GxG—tA'. Assume hf is strongly non-splitting in the following way: for every 
proper subgroup A" A' normal in H ( equivalently, invariant under the action of G) 
the induced 2-cocycle hf : G x G — >■ A' J A" is non- splitting. Let k = \A'\. 

(1) The group G has no proper subgroups of finite index if and only if H has no 
proper subgroups of finite index. 

(2) The group G is absolutely connected if and only if H is absolutely connected. 

Proof. (1) The implication (<^=) is obvious. We prove (=^). Suppose Hi < H is a 
subgroup of finite index. We may assume that Hi is a normal subgroup of H. Then 
f[Hi] — G, so H = Hi • A'. We prove that H = Hi. Suppose for a contradiction 
that A" = Hi n A' is a proper subgroup of A'. Consider the induced epimorphism 
/: Hj A' ->■ G. Since A' — ker(/), f^x/A" i s an isomorphism onto G. Hence, the inverse 

isomorphism {f\H 1 /A") 1 : G ~ * Hi/ A" is a section of /. Therefore, the exact sequence 

ic A'/A"t H/A" — U. G — - 1 

is splitting, and so the 2-cocycle hf-.GxG—> A' /A" is also splitting, a contradiction. 

(2) By [5j Proposition 2.10(4)], it is enough to prove that H has no proper subgroups 
of finite index, which follows by (1). □ 

The next corollary follows from Proposition 13.11 and Proposition 13.41 

Corollary 3.5. Consider the situation described in the first part of Corollaru \2.2\ Sup- 
pose that 

(1) G is absolutely connected, 

(2) / : H -» G is an epimorphism with finite and abelian ker(/), and a 2-cocycle 
hf. G x G — >■ ker(/) corresponding to the extension f is strongly non-splitting 
in the sense of Proposition [3T^| 

Regard H and f as objects ^-definable in some first order expansion %ofQ. Let %* y H 

be a big enough monster model. Put h' = h o (/, /) : H x H — > Aq. Then H is absolutely 

connected, and the 2-cocycle h! is non- splitting. Therefore, the assumptions of the first 

— ooo ~oo ~ 
part of Corollary \2.2\ are satisfied, so H* B ^ H* B , where H is the extension of H 

corresponding to the 2-cocycle h' . 

Example 14.131 from Section H] shows that even if in Corollary 13.51 we start from a 

situation in which all the assumptions of both parts of Corollary 12.21 are satisfied, it 

~oq — 
may happen that H* B ^ H*. 
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4. Central extensions of SL 2 (fc) 

The aim of this section is to find new (concrete) examples of groups G together with 
a 2-cocycle h : G x G — > Z for which Theorem 12.11 or Corollary 12.21 can be applied, 

-000 . —00 



yielding the groups G* satisfying G* B ^ G* B . This goal is achieved in Examples 14.91 - 

mm 

We mainly concentrate on the case when G = SL 2 (fc) for various infinite fields k, but 
we hope that Theorem 12.11 can also be applied to higher dimensional symplectic groups 
Sp 2n (&;) (note that Sp 2 (fc) = SL 2 (fc)). 

The main problem is to find 2-cocycles with finite image. We will use the Steinberg 
description of the abstract universal central extension of SL 2 (A;). Every central extension 
of SL 2 (fc) by an abelian group A corresponds to a 2-cocycle SL 2 (&) x SL 2 (/c) — > A. 
However, in this case (more generally, in the case of split algebraic groups or Chevalley 
groups), one can use a more convenient approach via Steinberg symbols [T7J Section 7], 
which are certain mappings c: k x x k x — > A. 

For example, the topological universal cover SL 2 (M) of SL 2 (R) can be described by a 
symbol defined by p. 51], [ffil 10.4]: for x,y G K x 



(*) c(x,y) 



1 if x < and y < 
otherwise 




Definition 4.1. [T7J p. 74] A central extension tt: G — > G is called universal if for any 
central extension tt' : G' — > G there exists a unique homomorphism / : G — > G such that 
7r' o / = tt, that is the following diagram commutes 

G^^G . 
f 
G' 

It is known that any perfect group possesses a universal central extension [TTJ, p. 75], 
which is unique up to isomorphism over G [T71 p. 74]. 

Suppose k is an arbitrary infinite field, and let k x be the multiplicative group of 
k. Following [II] . we describe the universal central extension of SL 2 (fc) (see also [TTl 
Sections 6, 7]). For x G k we define the following matrices: 

1 x \ / \ ( 1 



Furthermore, for x G k x and i,j G {1,2}, i ^ j, define 

(O) Wij(x) = Uij(x) Uji(-x~ l ) Uij(x), hij(x) = Wij(x) u^(-l). 



We have 

w 12 (x) = I ... I. fr 2i (.r) 






X 


— X" 


1 


( X 





\ 





[x t 


Wij 





— X 


a; 







1 





X 



-1 



The group SL 2 (/c) is generated by the elements wi 2 (x), m 2 i(x) for x <E k. Furthermore, 
one can describe the presentations of SL 2 (fc), its universal central extension and the 
kernel in terms of generators and relations, which we present below. 



ON MODEL-THEORETIC CONNECTED COMPONENTS IN SOME GROUP EXTENSIONS 23 

Consider the following relations among the elements Uij(x),Wij(x) and hij{t): for 
x,y G k and t G k x 

(A) Uij(x + y) = Uij(x) Uij(y), 

(B') Wij(t) Uij(x) Wijity 1 = Uji(-t~ 2 x), 

(C) h i:j (xy) = hij(x) hij(y). 
The group SL 2 (fc) can be presented as 

(^(x),™^),/^) | (O), (A), (B'), (C)) { i ij}={1)2} , xek ,sek\tek>< ■ 

Let St 2 (fc) (i/ie Steinberg group) be a group with the following presentation 

(^•(x),^*),/^*) | (0),(A),(B , )) {u}={li2}>xeMefc x itefc x • 

Then St 2 (k) with the natural mapping 7r is the universal central extension of SL 2 (&;) 
(recall that k is an infinite field) [TTl Theorem 10, p. 78]): 

(**) ic -ker(7r)c St 2 {k) SL 2 (fc) — - 1. 



The kernel ker(7r) is denoted by K2 ym (fc). Define for x,y G k x and i,j G {1, 2}, i ^ j, 

Cij(x,y) = hij(x) hij(y) h i:j (xy)~ l . 

Then one can prove that ci 2 (x, y) = c 2 i(y,x)~ 1 , K s 2 ym (k) is the center of St 2 (fc) and it 
is generated by the elements ci 2 (x, y). In fact, by the result of Matsumoto-Moore P 
Prop. 5.5, Thm. 5.10, Cor. 5.11], [17, Theorem 12, p. 86] the elements c\ 2 (x,y) satisfy 
those and only those relations which are implied by the relations (SI), (S2), and (S3) 
written below. So, K2 ym (A;) can be presented abstractly as 

(c(x,y) | (S1),(S2),(S3))^ X , 

where 

(51) c(x, y) c(xy, z) = c(x, yz) c(y, z), 

(52) c(l,l) = l, c(x,y)=c(x~ 1 ,y- 1 ), 

(53) c(x, y) = c(x, (1 — x)y) for x ^ 1, 

and we can freely identify cx 2 {x,y) with c(x,y). Since K s 2 yra (k) is abelian, from now on, 
we will use the additive notation in K2 ym (A;). 

Note that c may be regarded as a mapping c: k x x k x — )■ K s 2 ym (k). More generally, 
for an arbitrary abelian group A, every mapping c: k x x k x — > A satisfying (SI), (S2) 
and (S3) is called a symplectic Steinberg symbol. For example, the mapping (*) is such. 

An important consequence of the above theory is the existence of a one-to-one cor- 
respondence between symplectic Steinberg symbols on k with values in A and central 
extensions of SL 2 (fc) by A up to equivalence (see for example [TT], Section 11]). 

More precisely, suppose A ■=->■ G -» SL 2 (A;) is a central extension of SL 2 (A;). Then, 
since St 2 (/c) is the universal central extension of SL 2 (/c), there is a unique mapping / 
such that the following diagram commutes 

Kf m (k)<- St 2 (Jfe) SL 2 (A;) 



■^i K^ m (fc) 



/ 



id 



v4 c G' -^-^ SL 2 (Jfc). 
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Hence, the composition d = f o c is a symplectic Steinberg symbol. Conversely, by 
the Matsumoto-Moore theorem, every symplectic Steinberg symbol d : k x x k x — > A is 
induced by a unique homomorphism f c / : K^^A;) —> A mapping c(x,y) to d(x,y) for 
each x,y G k x , and for AT < K2 ym (A:) X A defined as 



Notice also that if H: SL 2 (A;) x SL 2 (&;) — > K s 2 ym (k) is any 2-cocycle defining the 
extension (**) (up to equivalence) and d : k x x k x — > A is a symplectic Steinberg 
symbol, then the homomorphism f c r\ K2 ym (A:) — > A defined above induces a 2-cocycle 
H c i : SL 2 (fc) x SL 2 (/c) — > A by putting H c r(a,a') = f c '(H(a,a')). Then, the central 
extension of SL 2 (k) by A defined by means of H c i turns out to be equivalent to the 
extension (***). 

Let us collect some of the facts discussed above as a corollary so that we could easily 
refer to them later. 

Corollary 4.2. Let d: k x x k x — >■ A be a symplectic Steinberg symbol. Then there 
exists a unique homomorphism f c i : K2 ym (A;) — >■ A satisfying f c /(c(x, y)) = d(x, y) for all 
x,y G k x . If H : SL 2 (A:) x SL 2 (A;) —> K2 ym (fc) is a 2-cocycle defining the extension (**), 
then the formula H c /(a, a') = f c /(H(a, a')) defines a 2-cocycle H c i : SL 2 (/c) xSL 2 (A;) — > A. 

In order to apply Corollary 12. 2\ we need to find non-splitting 2-cocycles on SL 2 (fc) 
with values in Z n and with finite image. We will define such 2-cocycles using symplectic 
Steinberg symbols. To do this, we need to calculate a 2-cocycle corresponding to the 
universal central extension (**) in terms of Steinberg symbols. An appropriate formula 
has been given by Matsumoto in [91 5.12(a)]. However, for the sake of completeness, we 
also present the relevant result in Proposition 14.31 below. 

First, we have to define a section 



of 7r from (**). Let B be the subgroup of SL 2 (A;) consisting of the upper triangular 
matrices. By the classical Bruhat decomposition, we have that SL 2 (/c) is the disjoint 
union 




(St 2 (fc) x A) /N 



SL 2 (k) 



1. 



S: SL 2 (k) -> St 2 (fc) 




Now, we are ready to define S. Suppose a G SL 2 (/c). 

1° If a G B, then there are unique x G k x and y G k such that 




Define S(a) = hi 2 (x) «i 2 (y). 
2° If a G SL 2 (/e) \ B, then there are unique x,z G k and y G k x such that 




Define S(a) = u 12 (x) w 12 (y) u 12 (z). 
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Proposition 4.3. Let H: SL^A:) x SL 2 (&;) — > K2 Jm (fc) be the 2-cocycle corresponding 
to the section S, that is H(a,a') = S(a) S(a') S^aa') -1 . Then H(a,a') = 

C12 {x, x') :a = h 12 (x) u 12 (y), a' = h 12 {x') u 12 (y') 

C12 {x, y') : a = h 12 (x) u 12 (y), a' = u 12 {x') w 12 (y') u 12 (z') 

C12 (x', -£) : a = u 12 {x) w 12 (y) u 12 (z), a' = h 12 (x') u 12 {y') 

— C12 ^— —y'j : a, a' G SL 2 (A:) \ B and z + x' = 

k C12 ^) - c 12 -y') :a,a'E SL 2 (k) \ B and z + x' ^ 

where in the last two cases a = U\ 2 {x) wu(y) U\ 2 {z) and a' = Ui 2 (x') wi 2 (y') U\ 2 {z'). 

Proof. We will use several relations which are consequences of the relations (O), (A) 
and (B') (see [13 Lemma 37]), namely: 

(1) hij(t) Uij(x) = Uijifx) hij(t), 

(2) hij(t) Uji(x) = Uji(t~ 2 x) hij(t). 

For simplicity denote h = h\ 2 , u = Ui 2 , w = w\ 2 and c = C\ 2 . 

o i x j 

xx' J 

= h(xx r ) u + y'). 

Hence, using the relations (O), (A) and (1), we get 

H(a,a) = h{x) u{y) h{x')u{y') (h{xx') u + y'jj 

= h(x) u{y) (h(x') u ^— '^] 2 jj h(xx' 
= h(x) h(x') h(xx')~ l = c(x,x'). 



Case 2°. Suppose a = h(x) u(y) and a' = u(x') w(y') u(z'). Then aa' 

x(x' z' —y' 2 +yz') 

u (x 2 (y + x')) w(xy') u(z'). Hence, using the rela- 



yl \y ! yl 

X_ z' 

xy' xy' 

tions (O), (A) and (1), we get 



H(a,a') = h(x) u(y + x') w{y') w(xy') 1 u{— x 2 (y + x')) 
= h(x) u(y + x') h(y') h^xy')^ 1 u(—x 2 (y + x')) 

= h(x) h(y') u ( ^y, 2 x 1 Kxy'Y 1 u (-% 2 (y + x')) 

= h(x) h(y') h(xy')^ 1 = c(x,y'). 
Case 3°. Suppose a = u(x) w(y) u(z) and a' = h(x') u(y'). Then aa' = 

xx' y 2 -x(z+x' 2 y') 



y 

y yx 



V +x' 2 y' = w (^) u + y')- Hence, using the relations (O), (A) 
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and (1), we get 
H(a,a) -- 



= u 
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u(x)w(y) (u(z) h(x') u ( _ ^)) w u i.~ x ) 

(x) w{y) h(x') w ^— u(—x) 

= (u(x)w(y)) (h{x')h{-^ h{-y)- 1 ) h(-y) w(-l)- 1 u(-x) 

= (u(x) w{y)) c (x', - — \ (u(x) w(y)) -1 = c (x', -—\ , 

since c [x', —^j) is central in St 2 (A;). 

Case 4°. Suppose a = u(x) w(y) u(z), a' = u(x') w(y') u(z') and z + x' = 0. Then 

y xy' 2 +y 2 z' 



aa 



y' 



yy' 
:<l_ 

y 



(A) and (1), we get 
H(a,a') 



= h ^— jj^j u + z'^j. Hence, using the relations (O). 

u(x) w(y) w(y') (~^" a ^) h ( _ ^) 
u(x) Lv(y) w(-y')- 1 h 



= u(x) c 



y / 

-,>-y 



y 



u{x) 1 = -c(-^,-y') . 



aa 



y 



Case 5°. Suppose a = u(x) w(y) u(z), a' = u(x') w(y') u(z') and z + x' ^ 0. Then 

x(z+x')—y 2 x(zz'+x'z'—y' 2 )~z'y 2 \ 
— -- - - — — ■ 2 

= u(x") w(y") u(z"), where x" = x — 



yy' 

z+x' 

yy' 



yy' 

z'(z+x')-y' 2 



z+x 1 



yy 



z+x 

and (2), we get 



7 and z" = z 



mi 

,12 



a — ~,t y 



z+x 



-,. Denote t — z + x' . Using the relations (O), (A), (B') 



H(a, a') 



ulx 



u(x 



= uix 



u(x 



= u(x 



u(x 



w(y) u{t) w{y') u(z' - z") w{-y") u{-x") 
(^w{y) u(t) w(y') u (V-^j "(XT 1 



h(y) [w(l)u(t)w(l)- 1 ] h(-y')- l u (^-) w 
(h(y) u 21 (-t) hi-yT 1 ) (u (^Pj w (?!f) u (£)) 



h(y) hi-y'y 1 «2i (~ 
h(y)h(-yr l h 1 J Au(x)- 1 



t 

u(x 

2 



u(x) 1 



t 



= c y^ , ~ y J u(x)Au(x) \ 
where, by the relations (O), (A) and (1), we have 
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Corollary 14.21 together with the existence of finitely many explicit formulas for H in 
terms of c\ 2 described in Proposition 14.31 give us the following conclusion. 

Corollary 4.4. Assume that d : k x x k x — >■ A is a symplectic Steinberg symbol and 
that H : SL 2 (&;) x SL 2 (A:) —> K2 ym (A;) is the 2-cocycle defined in Proposition ^. 3\ Let the 
2-cocycle H c r. SL 2 (A;) x SL 2 (/c) — > A be obtained from H and d as it was described in 
Corollary \4-2\ Then \m.(H c i) C Im(c') — Im(c'). In particular, if d has finite image, so 
has H c i. 

Proposition 4.5. Suppose that d : k x x k x — » A is a symplectic Steinberg symbol. Let 
S — ( J = Wl2 (~ T = ( g J ^ = ui 2 (l), and let (S,T) be the subgroup of 
SL 2 (&;) generated by S and T. 

(1) If the restriction of H c i to (S,T) is splitting via a function f: (S,T) — > A, then 
C '(-1,-1) = -12/(T). 

(2) Assume that c'(-l, -1) g 12 • A or Hom((A;, +), A) = A c'(-l, -1)^0. T/jen 
i? c / on SL 2 (k) is a non-splitting 2-cocycle. 

The proof of (1) below is inspired by the proof of [H Theorem 1]. 

Proof. (1) By assumption, for every A, A' G (S,T), H C ,{A,A') = f (A) + f (A') - f (AA r ) . 
Furthermore, as a consequence of (SI) and (S2), we have that for all x G k x , d(l,x) = 
d(x, 1) = (put z = y = 1 in (SI); then put x = 1 and z = y~ l in (SI)). Denote 
/ = h 12 (l). Then S 2 = (ST) 3 = —I and ST = w 12 (-l)u l2 (l), (ST) 2 = u l2 {-l)w l2 {-l) . 
Therefore, by Proposition 14.31 we get 

= d(l,l) = H c ,(I, /) = /(/), 

c'(-l,-l) = tf c ,(-/,-/) = 2/(-/), 

= c'(l,l) = H d (S,T) = f(S) + f(T)-f(ST), 

= -d(-l,l) = H c ,(S,S) = 2f(S) -/(-/), 

= c / (-l,l)-c / (-l,l)=^(ST,ST)=2/(ST)-/((Sr) 2 ), 

= -c'(-l,l) = ^(ST,((ST) 2 ))=/(ST) + /((ST) 2 )-/(-/). 

Hence, 2/(ST) = 2/(T) + /(-/) and 3/(ST) = /(-/), so d(-l, -1) = 2/(-J) = 
-12/(T). 
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(2) Suppose for a contradiction that H c i is splitting via a function /: SL 2 (&;) — > A. 
Then, the restriction of H c > to (S,T) is also splitting via /. Thus, the case c'(— 1, —1) j£ 
12- A follows by (1). To get a contradiction in the other case, consider the subgroup U : = 
{uu(x) : x G k} of SL 2 (fc). By Proposition I4.3[ / restricted to U is a homomorphism 
from U to A. Since U = (k,+) and Hom((/c, +), A) is trivial, the function / is identically 
zero on U. In particular, f(T) = 0. Hence, by applying (1), we get that c'(— 1, —1) = 0, 
a contradiction. □ 

Corollary 4.6. Suppose that d : k x x k x A is a symplectic Steinberg symbol and 
char(fc) = 0. 

(1) Assume that c'(— 1, —1) 12 ■ A. Ta£;e as G an arbitrary group with 

SL 2 (Z) < G < SL 2 (Jfe). 

T/ien i/ie restriction of H c i to G is a non-splitting 2-cocycle. 

(2) ^Isswme &trf c'(-l, -1) £ 12 • A or Hom((Q, +), A) = A c'(-l, -1)^0. Take 
as G an arbitrary group with 

SL 2 (Q) < G < SL 2 (k). 

Assume that SL 2 (Q), G, A and the 2-cocycle H c n GxG are B-definable in some 
first order structure Q. Let Q* y Q be a monster model. Then the 2-cocycle 
i? c /| G *oo xG ,oo : G*°z x — > A* is non- splitting. 

Proof. (1) It is enough to use Proposition 14.5( 1) and a well-known fact that SL 2 (Z) is 
generated by ( J | J and ( ^ ^ J in SL 2 (/c) (because char(/c) = 0). 

(2) Suppose for a contradiction that if c /| G *oo xG »oo is splitting. The group SL 2 (Q) 

is absolutely connected, so SL 2 (Q) < SL 2 (Q)* = SL 2 (Q)* 00 < G*°£. Therefore, the 
restriction of H c > to SL 2 (Q) is splitting, which contradicts Proposition 14.5( 2). □ 

The second part of the previous corollary cannot be easily generalized to SL 2 (Z), since 
this group is not absolutely connected. It has many finite index subgroups. Namely, every 
homomorphism ip n : Z — > Z/nZ induces a homomorphism Tp^: SL 2 (Z) — > SL 2 (Z/nZ), 
and ker(^) has finite index. 

Question 4.7. Let d be the Steinberg symbol on Q considered in Example 14.91 below. 
Is there any first order expansion of SL 2 (Z) (in which SL 2 (Z), Z and H c > are definable) 
such that the 2-cocycle H c > is non-splitting on SL 2 (Z)*0°? 

We give a criterion for H c i to be strongly non-splitting in the sense of Corollary 12. 2( 4) 
and Proposition 13.41 

Corollary 4.8. Suppose that d : k x x k x — )■ A is a symplectic Steinberg symbol and 
char(fc) = 0. Assume that A = Z and d(— 1, — 1) = 1. If G is any subgroup o/SL 2 (/c) 
containing SL 2 (Q) ; then H c i restricted to G is strongly non- splitting, that is for every 
proper subgroup A' ^ A the induced 2-cocycle H c > : G x G — )■ A/ A' is non-splitting. 

Proof. Notice that H c i = H-^r, where d: k x x k x — » A /A' is the induced Steinberg 
symbol. Suppose for a contradiction that H-^ is splitting on G. Then H-p- is splitting on 
SL 2 (Q), which contradicts Proposition 14.5( 2). □ 
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Now, we are ready to give new classes of examples of groups in which the smallest 
invariant subgroup of bounded index is a proper subgroup of the smallest type-definable 
subgroup of bounded index. 

Example 4.9. Suppose k is a an ordered field with the order denoted by < (e.g. k = Q 
or k is an arbitrary subfield of R with the natural order). One can check that the 
following mapping d: k x x k x — > Z is a symplectic Steinberg symbol 



(****) c'(x,y) 



1 if x < and y < 
otherwise 



Let H : SL 2 (A:) x SL 2 (&;) — >■ K s 2 ym (k) be the 2-cocycle defined in Proposition 14.31 By 
H c > : SL 2 (/c) x SL 2 (&;) — > Z we denote the 2-cocycle obtained from H and d as it was 
described in Corollary 14.21 

Let Q = ((Z, +), (k, +, •, <)), G = SL 2 (k) and A = (Z, +). The groups G and A are 
0-definable in Q. Assume the action of G on A is trivial, and let G (a central extension of 
G by Z) be defined by means of the 2-cocycle H d . Let Q* = ((Z*, +), (Jfe*, +, •, <)) y Q 
be a monster model. Put as A\ the connected component Z*° of the pure group (Z*, +) 
(i.e. the intersection of all groups nZ*, nGN \ {0}), and B = { — 1, 0, 1} C Z. 



-ooo ~oo 



Then the assumptions of Corollary 12.21 are satisfied. So, we get G* B ^ G* B = G*, 

where G* is the interpretation of G in the monster model Q* . Moreover, the quotient 

—oo ,—ooo —ooo , n v —oo — ooo 

G* B /G* B is abelian. In fact, G* B = (Z* + ZJ x G*, and G* B /G* B is isomorphic 

to Z/Z, where Z is the profinite completion of Z. 

Proof. The fact that the image of H c i is contained in B (which is finite) follows from the 
definition of d and Corollary 14.41 The fact that H c > is definable over B in Q follows from 
the definition of d and Proposition 14. 31 The assumptions (2) and (5) of Corollary 12.21 are 
clearly satisfied (see the proof of Example 12.31) . The assumption (3) (even G*^ 00 = G*) 
follows from the absolute connectedness of SL 2 (/c). Finally, (1) and (4) are true by 
Corollary 

—00 —000 

The fact that G* B /G* B is abelian follows from the absolute connectedness of SL 2 (k) 
and Remark 12.51 

To get the desired description of this quotient, one should apply Propositions 12.151 

and 12.161 together with Claim 1 in the proof of Theorem 12.11 Namely, by this claim 

n —ooo n 

applied to H := Z* u , we have that G* B fl Z* = Z* u + nZ for some jigI Using this 

together with the fact that G* B = G* and Proposition 12. 151 we get 

G* B /G* B ° = (Z*/Z* ) / ((Z*° + nZ)/Z*°) . 

But Proposition EH3 tells us that (Z*° + nZ)/Z*° is a dense subgroup of Z*/Z*°, which 
implies that n = 1. Thus, once again using Claim 1 in the proof of Theorem I2.1[ we 
conclude that 

—000 , n —00 , — 000 ^ , 

G* B = (Z*° + Z)xG and G* B /G* B Z/Z. 

□ 



Next, we generalize the situation from the above example in the following way. 
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Example 4.10. Suppose k is a an ordered field, and d: k x x k x — > Z the Steinberg 
symbol defined in Example 14.91 Let G be an arbitrary group with 

SL 2 (Q) < G < SL 2 (k). 

Let A = Z and B = { — 1,0, 1}. Assume that SL 2 (Q), G, A and the 2-cocycle H c /\ GxG 

are indefinable in a first order structure Q. For example, Q might be the two-sorted 

structure with the disjoint sorts (Z, +) and (k, +,-,<) together with predicates for G 

and SL 2 (Q). Let Q* y Q be a monster model. Put A\ = Z*°, the intersection of all 

groups nZ*, n G N \ {0}. Then the assumptions of the first part of Theorem 12.11 are 

~ooo — oo 
satisfied, so G* B G* B . 

If, moreover, G*° B ° = G*, then the assumptions of Corollary 12.21 are satisfied too, so 
~oo — ~oo ~ooo 
G* B = G*, and G* B /G* B is abelian. 



Proof. The assumption (ii) of Theorem 12.11 is clearly satisfied, whereas the assumption 
(i) follows from Corollary 14.61( 2) . For the moreover part, it is enough to use Corollary 
US] and Remark [23J □ 

Starting from Examples 14.91 or [4. 10[ the results of Section [3] yield more general classes 
of examples, some of which are briefly discussed below. In order to avoid a clash of 
notation (in Section [3], H was a group, whereas in this section, if is a 2-cocycle), the 2- 
cocycles H and H c > considered in Example 14 . 91 will be denoted by h and h c >, respectively. 



Example 4.11. Consider the situation from Example 14.91 (as it is mentioned above, 
instead of H and H c > we write h and h c i). Let 

1< ker(/) c H — G — - 1 

be an extension of G by ker(/). Let % be any expansion of Q in which H and / are 
0-definable (e.g. H is the expansion of Q by the new sort H together with the function 
/), and let W >~ H be a monster model. Assume additionally that Hom(ker(/*), Z) is 
trivial (where /* in the interpretation of / in Tt*). Put hi := h c r o (/,/): H x H — >■ Z 
a 2-cocycle definable in % over B. Let H be the extension of H by Z corresponding to 

nn nn —000 —00 

/i'. Then /i „, o vtf *oo : x ii^ ^ Z is non-splitting, and H* B ^ . 

To see a concrete example arising in this way, take as H the extension of SL 2 (A;) (where 
k is an ordered field) by the divisible hull Q ®% K 2 ym (/c) of K 2 ym (/c) corresponding to 
the 2-cocycle h, and as /: H — > SL 2 (k) the projection on the second coordinate. More 
generally, start from any extension of SL 2 (/c) by an abelian group C and take as H the 
group obtained from this extension by replacing C by its divisible hull. 

Another family of examples arising in this way is formed by the groups of the form 
H for H ranging over all finite extension of SL 2 (fc) (because then Hom(ker(/*), Z) is 
clearly trivial). 

Proof. Using Corollary 13.2} the conclusion follows from the observations that SL 2 (/c) is 
absolutely connected and that the assumptions of Theorem 12 .11 are satisfied in Example 
H3B □ 

Example 4.12. Consider the situation from Example 14.101 Let H be the product of 
groups K x G for an arbitrary group K. We define H as the expansion of Q obtained 
by adding a new sort, consisting of the pure group structure on H, and the projection 
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/: H — > SLi2(A;) on the second coordinate. Let H* y H be a monster model and /* the 
interpretation of / in it. Put h' := h c i o (/,/): H x H — >■ Z a 2-cocycle definable in "H 
over 5. Let if be the extension of H by Z corresponding to ft/. Then h',„ t00 „„ o : i?* 1 ^ x 



nn —000 ~00 

is non-splitting, and if * B 7^ H* B . 



Proof. Using Remark 13. 3[ the conclusion follows from the fact that the assumptions of 
the first part of Theorem 12.11 are satisfied in Example 14.101 □ 

Although in Example 14.91 the assumptions of both parts of Theorem 12.11 (even of 

—000 —00 — 

Corollary 12. 2p are satisfied (and, in consequence, G* B 7^ G* B = G*), in Example I4.11[ 

we only concluded that the assumptions of the first part of Theorem 12.11 hold, and, in 
— 000 —00 

consequence, H* B 7^ H* B . It is rather clear that in general, we can not expect that 

H* B = H*. For example, take H := Z/nZ x SL^fc), f:H—t SL2(fc) the projection on 
the second coordinate, and % — Q — ((Z, +), (k, +, -, <)) where H is definable in the 
obvious way. Then {0 + nZ} x SL2(fc) is a finite index, indefinable (in 7f ) subgroup of 

H*, so H*^ ^ H*. Therefore, H* B ^ H*. 

However, from Proposition 13.41 we know that if ker(/) is a finite abelian group and 
a 2-cocycle hf corresponding to the extension 

ic ker(/)c H — SL 2 {k) — - 1 



is strongly non-splitting, then H is absolutely connected (since SL 2 (fc) is such). The 

— 00 — 

next example shows that even in such a situation, it may happen that H* B 7^ H*. 

Example 4.13. Consider the situation from Example 14.91 In particular, G = SL 2 (k), 
A = Z and the extension G is given by the 2-cocycle h c > : G x G — >■ A. Let hf : GxG-> 
Z/nZ (for some n G N \ {0}) be the 2-cocycle induced by h c >, H be the corresponding 
extension of G by Z/raZ, and /: H — > G be the projection on the second coordinate. 
Recall that the 2-cocycle h' : H X H — > Z is defined as h c > o (/, /), and H is the corre- 
sponding extension of H by Z. Define H = Q = ((Z, +), (k, +, •, <)). Then everything 

is 5-interpretable in Q. As usual, 7i* = G* >- Q is a monster model. 

nn —000 —00 — 

Then H is absolutely connected (so H*^ = H*), but H* B ^ H* B ^ H*. 

Proof. Since by Example 14. 9[ h c i is strongly non-splitting, so is hf. Thus, the absolute 
connectedness of H follows from Proposition 13.41 and the fact that SL2(fc) is absolutely 
connected. 

— 000 —00 

The fact that H* B 7^ H* B was proved in Example 14.111 It remains to show that 

— 00 , — 
H* B ^ H*. 

Of course, H/nL is B-definably isomorphic with the extension of H by Z/nZ corre- 
sponding to the 2-cocycle h': H x H — )■ Z/nZ induced by h'; denote this extension by 

Let i n : G — > H be a indefinable homomorphism defined by i n (a,x) = (a + ruL,x). 
Then h' = i n o h c > o (/, /) (after the appropriate identifications). 

Define a section z: G — > G by z(x) = (0, x). Then z n := i n o z : G — > H is a section 
off. 
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We have 



h'(x,y) 



(i n o h d o (/, f))(x, y) = i n {z{j{x))z{j{y))z{j{xy)Y v ) 
in{z(f{x)))i n {z(f{y)))i n (z(f(xy))) = z n (f(x))z n (f(y))z n (f(xy)) 
Mfix^x- 1 ) x {z n {f{y))y- x ) x~ l (z n {f{xy)){xy)- l y 1 
F(x)+F(y)-F(xy), 



-i 



where F: H — >• Z/nZ is defined by F(x) = z n (f (x))x~~ l . This means that h! is splitting 
via the Indefinable function F . Therefore, K is Indefinably isomorphic with the prod- 
uct Z/nZ x H. Hence, K* is Indefinably isomorphic with Z*/nZ* x H* . Since clearly 
(Z*/nZ* x #*)°° < {0 + nZ*} x H* ^ Z*/nZ* x H*, we get that K*°£ ^ K*, which 



Question 12.61 asks if one can find an example with G* B /G* B non-abelian. In Ex- 
amples 14.91 and I4.13[ this quotient is always abelian. But Examples I4.10[ 14.111 and 14.121 
leave more freedom, and it is not clear if one can find a concrete realization of one of 
these examples answering Question 12.61 in the affirmative. 

The following question is also interesting. 

Question 4.14. Does there exist an abelian group G (defined over in a monster 
model) for which G^ 00 ^ G^°. Can one find such a group using Theorem 12.11 ? 

We finish with a discussion on Steinberg symbols. Note that a given field may have 
many different orders. Each of them gives rise to some symplectic Steinberg symbol, 
yielding various classes of examples of groups described above. 

Recall that a field k is an ordered field (with respect to some order) if and only if it 
is formally real (i.e. —1 is not a sum of squares in k). Proposition 14.51 and Example 14.91 
lead to the following question: 

Can a non-formally real field k have a non-trivial symplectic Steinberg 
symbol c: k x x k x — )• Z n with finite image? 
We answer this question in the negative for fields of characteristic different from 2. 
For a field k, by S(k) we denote the set of sums of squares {J^™ =1 a 2 '■ &% € k x } of k. 

Proposition 4.15. Suppose k is afield, char(/c) ^ 2 andc: k x xk x — )■ A is a symplectic 
Steinberg symbol with finite image, where A is a torsion free abelian group. Then for 
every O^sG 'S'(^) and t G k x 



Proof. We use the relations (SI), (S2) and (S3) as well as the following formulas, which 
are consequences of (SI) - (S3) (see [HI Proposition 5.7, p. 28]): for x,y G k x 

(1) c(x,y) = c(y- 1 ,a;), 

(2) c(x,y) = c(x, -xy), 

(3) the mapping t i— > c(x,t 2 ) is a homomorphisms from k x to A. 

We will prove that c(s, t) = c(t, s) = whenever s = ^27=1 a i f° r a * ^ ^ X anc ^ t £ k x . 
We will do it by induction on n. 

Case n — 1. Since the image of c is finite and A is torsion free, (3) implies that the 
mapping t !->■ c(x, t 2 ) is trivial for an arbitrary x G k x . Thus, by (1), c(s, t) = c(t, s) = 0. 

Before proving the inductive step, we prove the following relations: for x,y,z G k x 

(4) c(xy 2 ,z) = c(x,zy 2 ) = c(x,z), 




□ 



00 



000 



c(s, t) = c(t, s) = 0. 
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(5) c(x,y) = c(y,x), 

(6) c(x, -1) = c(x, y) + c(x, -y). 

(4) Using (SI) and the case n — 1, we have c(x, zy 2 ) = c(x, z) + c(xz, y 2 ) — c(z, y 2 ) = 
c(x, z). The proof of c(xy 2 , z) = c(x, z) is similar. 

(5) By (1) and (4), c(x,y) = c(y-\x) = c{y~ l y 2 ,x) = c(y,x). 

(6) By (SI), we have c(x, -1) = c(x, yi-y' 1 )) = c(x, y) + c(xy, -y~ r ) - c(y, -y~ l ). 
Moreover, by (2), c(y,—y~ r ) = c(y,l) = and by (5), (2) and (4), c(xy, — y^ 1 ) = 
c(— jT 1 , xy) = c(— y^,x) = c(—y,x) = c(x,—y). Hence we get (6). 

Inductive step n — > n + 1. Let s = Yl^i a l- First, we prove that c(s, —t) = c(s,t). 
We may assume that s ^ oj, because otherwise we are done by the case n = 1. Then 

1 + J2i=i (fr) ^ X ' hence we have 




By (SI) and the induction assumption, 




= c(s,-t). 



If t = —1, then c(s, —1) = c(s, 1) = by the case n — 1. Hence, by (6), = c(s, —1) = 
c(s, t) + c(s, —t) = 2c(s, t), so c(s, t) = and c(t, s) = by (5). □ 

Corollary 4.16. If k is a non-formally real field and char(fc) ^ 2, then every symplectic 
Steinberg symbol c: k x x k x — )■ A wzt/i finite image, where A is a torsion free abelian 
group, is trivial. 

Proof. By assumption, —1 = a^ + . . is a sum of squares in k. Then every x E k x can 

be written as a sum of squares x = (^) 2 — (^) 2 = (^") 2 + ( a i^) 2 + - • • + ( a n^) 2 - 
Hence, by the previous proposition, c is trivial. □ 

Question 4.17. Does there exist an infinite field of characteristic 2 possessing a non- 
trivial symplectic Steinberg symbol with finite image contained in a torsion free abelian 
group? 

There exists a more general theory of central extensions of Chevalley groups (see 
[9]) via symbols. However, when G is not SL2 and not of symplectic type, then every 
symbol c': k x x k x — > A is bimultiplicative, so c'(xy, z) = c'(x, z) + c'(y, z). Therefore, if 
A = Z n , then every non-trivial d has infinite image, so our approach cannot be applied. 
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